Chapter 9: Radiating Systems, Multipole
Fields and Radiation

An Overview of Chapters on EM Waves : (covered in this course)
source term in wave equation boundary

Ch. 7 none plane wave in oo space or in
two semi-oo spaces separated
by the x-y plane

Ch. 8 none conducting walls

Ch.9 J, p~ e ' outgoing wave to oo
prescribed, as
in an antenna

Ch. 10 J, p~e '™ outgoing wave to oo
induced by incident EM waves,
as in the case of scattering of a
plane wave by a dielectric object.

Ch. 14 moving charges, outgoing wave to oo
such as electrons in a synchrotron



9.6 Spherical Wave Solutions of the Scalar
Wave Equation

Spherical Bessel Functions and Hankel functions : Although
this chapter deals with radiating systems, here we first solve the scalar
source-free wave equation in the spherical coordinate syatem. The
purpose is to obtain a complete set of spherical Bessel funtions and
Hankel functions, with which we will expand the fields produced by
the sources.

The scalar source-free wave equation is [see (6.32)]

V(-4 S p(x,0) =0 9.77)
C
Let y(x,0)=["_w(x,0)¢ " “dw (9.78)
—> Each Fourier component satisfies the Helmholtz wave eq.
(V2 + 3y (x,m) =0, (9.79)
where k=%

C



9.6 Spherical Wave Solutions... (continued)

In spherical coordinates, (V2 +k? ) =0 1s written

1 0 (.20 1 oD 1 9? dD 2

r? a’"(r or )+r smé’ae(Slneag) r?sin® 6 9¢* FEO=0
Let ® =U(r)P(0)Q(¢), we obtain

PO-L 4 (;24U) 4 sin@48)+UP °0 | k2UPQ =0
Qrzd’”( dr ) Qr sm&dg( ) 72 sin 0d¢ Q=
2
Multiply by M The only term with ¢-dependence, so this
UrQ term must be a constant. Let it be —m?.
\
. 2 2 2.2 d
sin 0[&5’( dU)+k r +1D ln6,&,6?(s1n49 )]+ 1 d¢Q 0
=I(I+])~_ jnﬂ
Dividing all terms by sin’@, we see that
this is the only term with 7-dependence. 2[+1(/—m)! p )"
So it must be a constant. Let it be /(/ +1). 4 (I+m)! 1 (cosb)e
Thus, as in Sec. 3.1 of lecture notes W

P=F/"(cos8), Of (cos); 0= e, e = PO =Y,,(6.9)

rejected because of divergence at 0 =*x




9.6 Spherical Wave Solutions... (continued)

U(r) 1s governed by ;,lr(r2 ‘g}f) + k22U = [(I+1DU. Rewrite U

as f;(r). Then, [;22+fjr+k2 —’<fj)] £(r) =0 (9.81)

[+1/
Let (1) = -z (r) = [d R } u (r)=0 (9.83)
= w(r)=J, + (kr), N, 4 (kr) [Bessel functions of fractional order]

= fi(r)=-, s 1+1(kr) 1/2 l+;(kr)

( 1

o VD =) T R DG = gy k) i G
cIIne A 1 an
k)= () Nywy o) [ ) =y ) —im G

spherical Bessel functions| [spherical Hankel functions

= y(x,0) = [ A4 k) + AT () [1,(8.9) 1k =21 (9.9



Review |3.7 Laplace Equation in Cylindrical Coordinates;
Bessel Functions
2 002D, 19D, 1 *D_ 9*D _ :
Vo(x)=0= 9?2 +,08,0+p2 30’ 5 0
Let ¢(x) = R(p)Q(9)Z(z)

82—Z—k2Z:O:>Z:eikZ

0z*
2
:><g¢§+v2Q_o:>Q=e—W¢ ’

2 o) 2 )
g/;§+/gg§+(k —gzjmo:R:JV(kp), N, (kp)

where J,, and N,, are Bessel functions of the first and second kind,
respectively (see following pages).

| (kp) M| |
(D_{NV (kae””’ He"‘z} )
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Review | 3.7 Laplace Equation in Cylindrical Coordinates; Bessel Functions (continued)

Bessel Functions : If we let x = kp, the equation for R takes
the standard form of the Bessel equation,

2 2
dR+1cm+(1_v)R:o (3.77)

dxz X dx x2

with solutions J, (x) and N, (x), from which we define the Hankel
functions:

Hy(x)=J, (x) +iN,, (x)
H® (x)=J,(x)—iN, (x)

and the modified Bessel functions (Bessel functions of imaginary
argument)

1,(x)=i"J, (ix) (3.100)
K, (x)=Zi""HD (ix) (3.101)

See Jackson pp. 112-116, Gradshteyn & Ryzhik, and Abramowitz
& Stegun for properties of these special functions.

(3.86)




9.6 Spherical Wave Solutions... (continued)

1
06 - \ n ()C)
. . 0
o H]O(x)I:J() (x=0)= 1:| 03 |
R ny (x)
04 J1(%) 02 1 n,(x)
I . o1
j2() BN
02 b N : ' . ' — X
i 3 s \ 7 9 TRANE
° I WAV AV, el From G. Afken
—oi b \->0 ~03 } "Mathematical Methods
. | for Physicists"
—02} —04 L
o3} Jr(x )%C»l I sm(x lg’)

x<<1, 1 ! 2 > [ 1 [
J1(%) (21+1)H[1_2(21+3) } my (x0) ——— ’_COS( —f)
() 5_(21_1)”[1_ 2 +} D (0) =22 (i1 € [ = spatial
X! 2(1=21) dependence of spherical waves. |

See Jackson pp. 426-427 for further properties of j;, n;, hl(l), and hl(z).



9.6 Spherical Wave Solutions... (continued)
Expansion of the Green function : Solution of the Green equation
(V> + k)G (x,X") = —47m5(x — X)) (6.36)

is given by (derived in Sec. 6.4.)

S*xx" | 1n infinite space and for outgoing-
G(x,x) = \x X [wave boundary condition. } (6.40)

We may solve (6.36) in the same way as in Sec. 3.9, 1.e., write
G(x,X) = £ (r ")) (60,671 (6.9,
m

solve for g;(r,r") for r > 7" and r <" [where o(x—x") = 0], and then
apply boundary conditions at # =0, » = o, and » = 7’. The result is

’ oo ! * Y
GO X) =ik X i (ke h (b2) X 1;,(8',6)7,,(6,9)
Equating the two expressions above for G(x,x"), we obtain

/ * VY.
= 4rik z i)l ) 3 Y;,(68,6),,(0,9), (998)

where 7. and 7., are, respectively, the smaller and larger of 7 and .



9.6 Spherical Wave Solutions...

(continued)

Summary of Differential Equations and Solutions:

Source-free D.E. Laplace eq. V’® =0 Helmholtz eq. (V2 + k2 ) w=0 Wave Eq. (V2 —0%372) w=0
Solut eiax, elﬁy) e«/a2+,6‘2z eikxx’ eikyy szz etc A
czrltl:s?:s (Sec. 2.9) (Sec. 8.4) {(D(X’ t)} _
. , . t

Jm (kr), esz’ e Jm( ’%_kf )’ezmﬂ,ezkzz (x,7) J(X, t/)

cylindrical (Sec. 3.7) y t’—( x- "\)] Hod (X
-9 (Sec. 8.7) j d*xdt’ i o(x', 1)

spherical %,6.9). Y,,(6,0), j,(kr), m (k) [x-x 6

(Secs. 3.1, 3.2) (Sec. 9.6)

, , , (V2 - 12 < 2)G+ (x,1,x,t")
D.E. with a VG(x,xX) =46 (x—X) | (V? +k*)G(x,X) =—-4715(x—X) !

=—478(x-x)o(t—1")

point source b.c.: G(0)=0 b.c.: outgoing wave b.c.: outgoing wave
] kiX—x [x=x]
Solutions ¢ ‘ ﬂ olt _(’_ )]
G —_1 —_e | 1 + ’ /
(Green functions) ‘ < ‘X [Eq. (6-40)] G 0= ‘ - - (040
Series expansion Egs. (3.70), (3.148), (3.168) Eq. (9.98)

of Green function




9.1 Radiation of a Localized Oscillating Source

Review of Inhomogeneous Wave Equations and Solutions :

(V2p_ 1 p—_
< Ve ¢ ot C=-p/& {in free space, ® and A} (6.15)
2 2 satisfy Lorenz gauge.
v A—CgaatzAz—qu y 2 gaug (6.16)
Basic structure of the inhomogenous wave equation:
Vzw—lzaa; = —4r f(x,1) (6.32)
C
Solution of (6.32) with outgoing-wave b.c.:
w(x,0) =[G (x,0,x',t) f (X, ") X'dl’ (6.45")

, x| f(x',t") in (6.45)
o [f —(z- 0)}/ is evaluated at
the retarded time.| (6.44)

where G" (x,£,X,) =

X—X
1s the solution of ‘ ‘
(V-1 g;)c# (x,1,X,t") = —478(x — X )5 (t - 1) (6.41)

with outgoing wave b.c. "



9.1 Radiation of a Localized Oscillating Source (continued)

Using (6.45") on (6.15) & (6.16), we obtain the gereral solutions
for A and @, which are valid for arbitrary J and p.

sl _x=x] ’ s
{gg,g}:;ﬂ [a*x[dr [t S— K )} {ﬁi(’i)’;)‘g} (6.48),(9.2)
; > 0

In general, the sources, J(x,") and p(x’,#"), contain a static part

and a time dependent part. For static J(x) and p(x), (9.2) gives the
static A and @ in Ch. 5 and Ch. 1, respecticely.

Ax)=A(x)= f;oz | d3x’i(_xx)/ W (5.32)
O (x) = D(x) = 4;9 [ d%’f (XX), Qe (1.17)
. _

Question: It 1s stated on p. 408 that (9.2) 1s valid provided no
boundary surfaces are present. Why? [See discussion below (6.47)
in Ch. 6 of lectures notes. |

11



9.1 Radiation of a Localized Oscillating Source (continued)

Fields by Harmonic Sources : Only time-dependent sources can
radiate. Radiation from moving charges are treated in Ch. 13 and
Ch. 14. Here, specialize to sources of the form (as in an antenna):
—iat
pP(x,1) = p(x)e | ©.1)
J(x,0)=J(x)e?”
Substituting (9.1) into (9.2) and carry out the #’-integration, we obtain
ik|x—x'

e

J(x), (9.3)

A(x,1)=A(X)e” ™ with A(x) = fo I d>x’
T

where k = ‘C‘)

x—x]

We shall assume that J(x) is independent of A(x), i.¢., the
source will not be affected by the fields they radiate. Otherwise,
(9.3) is an integral equation for A(x).

12



9.1 Radiation of a Localized Oscillating Source (continued)
A simpler derivation of (9.3): We specialize to harmonic sources
from the outset. Then, only (6.16) 1s required.

V2A(x.1)— 123822 A(x,7) = 41 (X, 1) (6.16)
c” odt
Let J(x,7) = J(x)e ' and A(x,t) = A(X)e '
= (V2 +k° ) A(X) =—uyJ(x) [inhomogeneous Helmholtz wave eq.]

The Green equation for the above equation 1s

(V2 + k2 ) G, (x,X) = —475(x - X)) (6.36)
Solution of (6.36) with outgoing wave b.c.
ikl x—x’
Gr(x,x) =" : (6.40)
ik|x—x
— A(X) = j 433G (x,x) 0 y(xy =0 I B I,
A A X—

which is (9.3). 13



9.1 Radiation of a Localized Oscillating Source (continued)

ik|x—x
e

Rewrite (9.3), A(xX)= ffz &3S I, (9.3)

‘ ’

H=1VxA (everywhere) (9.4)
. Hy
Maxwell egs. give

E = lionH (outside the source) (9.5)
where Z, = \/ 1y /€y =377 Q (impedance of free space, p. 297).

Thus, given the source function J(x), we may in principle evaluate
A(x) from (9.3) and then obtain the fields H and E from (9.4) and
(9.5).

Note that e dependence has been assumed for J, hence for all

other quantities which are expressed in terms of J.

Note: The charge distribution p and scalar potential @ are not
required for the determination of H and E? (why?)

14



Show that Eq. 9.5 is valid outside the source. E = liOVxH

_ 0A(x,?)
ot
Note that e ' dependence has been assumed for A, ®, E, and H.
Phasor E(x)=-V®(x)—-(—iw)A(x)
Lorentz gauge V-A®x) = ’C‘g ®(x) (6.14")

E(x,1) =-V®(x,1)

(6.9)

Homogeneous wave eq. VzA(x) = iwi‘z’) A(x) (6.16") (outside the source)

)=~V ~(imAm) = | V(8084 |- V- M) -VA®)]

E(x)="“0VxH(x)= wg)cz/jon(VxA(x)) - icaf[V(V CA(X)) - VzA(x)]#2

Since #1=#2 = E(x)="22 VxH(x) is valid outside the source.

15



9.1 Radiation of a Localized Oscillating Source (continued)

ik|x—x’|

~J(x)  (9.3)

e

Near-Field Expansion of A(x)= fo I d’x
T

Before going into algebraic details, we may readily observe some
general properties of A(x) near the source (r < A).

For x outside the source and r < A (or kr < 1), we let X
o | 1
and use =4y X 1 l 1 Ylm (&',9)Y,,,(0,9). (3.70)
‘X_X ‘ l:Om:—l 2] 1 +
Since r > r’, we have r=r and ro=r. <§0me !

= A(X) = uoz 3 11 L 1 (0.0 XIK (.6 (9.6)

m=—1 21

kr << 1
The integral in (9.6) yields multipole coefficients as in (4.2). Thus,

(9.6) shows that, for & <1, A(x) can be decomposed into multipole
fields, which fall off as 7~V just as the static multipole fields, but with

the e dependence. However, we will show later that, far from the
source (kr > 1), A(x) behaves as an outgoing spherical wave.

16



9.1 Radiation of a Localized Oscillating Source (continued)

Full Expansion of A(x): We may in fact expand A(x), without
approximations, by using (9.98). For x outside the source, we have
r, =x|=r, r. =x|=7r". Hence, (9.98) can be written

X —47rzk2 Ji Gy ) z RMCAAMUT

Zk‘X x\

e , :
J(x"), we obtain

Substituting this equation into A(x) = ﬁl 0 j d>x

x=x

A() = poik T = Y (k)Y (0,0) 47X () J, )Yy, (6,9, (0.11)

k]/' Therefore, for even n the double factorial is
(1 eI ;
where hl (kl’) _ i(kr) l+1 dy (lkl") < nlt = [[(2k) = n(n - 2)(n—4)---4-2,
n_ k=1
. (- 1)” (21-n)! source

Wlth an —(21 1)”(21 27’1)”7’1' (ao _1 al il = H(zh 1)

—2)(n—4)---3-

1.

(See Abramowitz & Stegun, "Handbook of Mathematical Functions,"
p. 439.) [double factorial/semifactorial : (2/ —1)!! = (2] —1)(2/ =3)---3-1

17




9.1 Radiation of a Localized Oscillating Source (continued)

(9.11) 1s an exact expression for A(x). We now assume id <1 (i.e.,
source dimension <« wavelength). Then, k" < 1 and j; (k") reduces to

. ’ N/
Tk ey = (21}4)!!("7’ ) - =l (9.88)
ikr [ n
Substituting 2 (kr) = VY 5 o (k)" 4 7
i(kr) n=
and (9.88) into (9.11), we obtain U ; 9;9,@(0,)
ikr Y
2t Vi (8.9) i [1+ ) (ikr) + a (ikr)? +--+ay (ikr)' ]

A(X) =ty =
Lo | [ &P X3 (XY, (6,0)

(1) 1s the combination of (9.6) and (9.12) in Jackson. It is valid for
kd <1 and any x outside the source. The region outside the source is
commonly divided into 3 zones (by their different physical characters):

The near (static) zone: d<r<d (=<l
The intermediate (induction) zone: d < r ~A (= kr ~1)
The far (radiation) zone: d< A<r (=kr>1)

18



Griffiths

11.1.2 Electric Dipole Radiation

Consider two point charges of +¢ and —¢ TTHg r
separating by a distance d(¢). Assume d(¢) can 2

be expressed in sinusoidal form. y /
.y

The result 1s an oscillating electric dipole:
p(¢t) =qd(¢)z = qd cos(ar)z = p, cos(wt)z, where p, = qd.

The retarded potential is:

V(r,t)= L oprht)

dre,* 4
1 ; gy cos[at —~, /)] g,cos[aNt—+ /c)]
dre, | Ay, A



Griffiths

Electric Dipole Radiation: Approximations

Approximation #1: Make this physical dipole into a perfect dipole.

d<r

Estimate the spearation distances by the law of cosines.

hy, = \/rz Trdcos@+(d/2) = r(lizicosé?)
r

iEl(liicosé’)

N 2r

cos[a(t —4, / c)] = cos[aNt — 1) + 2%005 0]
c

C

= cos[axt — f)] cos(ﬂ cos @) Fsin[axt — f)] sin(% cos0)
c 2c c 2c

20



Griffiths The Retarded Scalar Potential
Approximation #2: The wavelength 1s much longer than the dipole

size. A
d< ="
o 2r
cos[aNt — 4y / ¢)] = cos[aw(t — Z)] cos(w—d cos @) F sin[a(t — Z)] sin(w—d cos )
N c 2 ] c 2
=l 2—0030
C
= cos[a(t — 1)] F sin[ax(t — f)] od cosé
c c 2c

The retarded scalar potential is:

. [cos[a)(t — E)] —sin[aXt — g)]zﬂ; COS 9}%(1 + %cos 0)
gl e rood 1. d >
01— cos[a)(t—;)]+s1n[a)(t—;)]2—ccost9}—(1—2—cos9)

r r

EM —Qsin[a)(t—l)]+lcos[a)(t—£)]} 21
C C r Cc

dre,r |




Griffiths

The Retarded Scalar Potential

.y C
Approximation #3: at the radiation zone. —<<r
)

The retarded scalar potential is:

V(r. )= L0089 [—Qsin[a)(t —f)}
47e,r c c

Three approximations

d<r d<<£(:i) ‘<«

w 27 0,

d< Ai<r



Griffiths

The Retarded Vector Potential

The retarded vector potential is Rl
determined by the current density. 0o
1(?) ——Z = —q,0Sin Wz |
J t , —qWsi — 7
Alr,n) = o J‘ (r', D &IM qosin[at—~/c)Jz
4 A 47 v-d2 A
@ . Voo
= — o Py sin[a(t ——)]z @d< A<r
4rr c
Retarded potentials:
- A
Vr,t)=— D@ {Cosesm[a)(t——)} E——VV—a—
) dre,c| v ot
B=VXxA
A(r, 1) = — 2P Gntane - D)1z
- 4rr C 23



Griffiths

E=

B=

The Electromagnetic Fields and Poynting Vector

2 .
vy OA _ _Hp@ SN0 e -
ot Are,c 1 c
2 .
Vx A =P (Sln e)cos[a)(t —Z)](f)
4rc r c

S=_1 (ExB)=t {powz (Sine)cos[a)(t—r)]} P
C

H ¢

The total power radiated 1s

‘@' ¢ sin@ .
<P>=I<S>-da:’u°pozc X =)' sin 0d0dg

4 r

327
_ ;uopg o'
127c

24



9.2 Electric Dipole Fields and Radiation

Rewrite (1):

A(X) =y X .

L | [ X IX )Y, (6, 8)

Take the / =0 term [ Y, = \/i—”]

and denote it by A7 (x)
AP (x)= A(x)™ = f,‘;el:r [d XI(X)

i ikr

= _iHoop I 9.16)

where p = j x'p(x")d ¥ (4.8)

(9.16) gives the electric dipole
contribution to the solution. It 1s
valid for kd <« 1 and any x outside

the source.
Question: Why is there no monopole
term (see p. 410)?

ikr . ] .
211+1 Y, (6,0) :1+1[1 +a,(ikr)+a, (lkr)2 +ota (lkl")l]

} 1)

i J . dxdydz )
aJ,
:Jdedz[xe J —[x = dx}
— _mx(aajxx + Yy + aéjzz )dxdydz

dy
%/_/

give no contribution because J
. ) oJ d
is locahzec;: [ a—yydy =J,_ =0
=—[xV-Jd”x
— [Jd°x =—[xV-Jd>x
= —ia)jxp(x)d3x = —i@p

p
ap
V‘.'+§—O

25



9.2 Electric Dipole Fields and Radiation (continued)
ikr
Rewrite (9.16): A?(x)=— l“owp e (9.16)

From (9.4), H? = iVxAp and from (9.5), EX = liOVpr

. k lkr
(H? = S (nxp)e - (l—lkr)
= ) " (9.18)
kEp _4”80{16 (nXxp) “+[3n(n-p) p]( )e }
In the far zone (kr > 1), (9. 18) reduces to a spherical wave
ikr
H? = C4k (nxp)® p component
» " » ' of source ,n  (0.19)
E” =Z,H" xn o @/X
In (9.19), we see that E# and H” A kd <1

are in phase, and EZ, H” Jand n are

mutually perpendicular. This i1s a general property of EM waves in
unbounded, uniform space. Given any two of these quantities, we
can find the third.

26



9.2 Electric Dipole Fields and Radiation (continued)

( lkr

H? = 4k (nxp)e- (1—)

] ) , N (9.18)

E —4Ego{k (n><p)><n +[3n (n-p)-— p](ﬁ_,ﬂ)e }

N szck( xp)L(1+ikr+.. )(1—W)
In the near zone (kr < 1), (9.18) reduces to < (nxp) L(L+ikr— L)
‘H? sz’(nXp)1 pgfgg?él:nt ~ 4 (nxp)L(— )= (nxp)%
T 1 O " 920)

E 4,;50 [3n(n-p)- P]rs kd <1

((i) E?” and H? are 90° out of phase —> average power = 0.

(ii) EZ has the same spatial pattern as that of the static electric
dipole in (4.13), but with e’ “ dependence.

(iii) 41y |[H | ~ (k) £y| E[> = E-field energy > B-field energy.

Questions: (1) Why does E? have the static field pattern?

(1) To obtain (9.20), we have neglected a few terms in (9.18).
But some of the neglected terms are still important in the near zone?
What are they and in what sense are they important?

—

27



9.2 Electric Dipole Fields and Radiation (continued) X (bxc)=(a-c)b—(a-bc|

dP
dQ

_lRe

(9.19)/
_ ’Z,

(axb)xc=—c x(axb)|

<> = time-averaged power in the far zone/unit solid angle

[,, n- (EP < H” )J (9.21) r’n-(EP xH?" ) =’n-(ZoH? xnxH" )

= Zor2n~(%%kr% e_rikr [(nxp)xnx(nxp)])

k*|(nxp)xnf*  (9.22) =2, i n [(nxp)cnx(nxp)]

This vector gives the direction of E?, 1.¢., the
polarization of the radiation (see figure below.)

= (P), = total power radiated = Zok P \ (9.24)
In general, p = p e'%e + pyeiﬁey + pze”/ez. If p
o = 3=y, then p has a fixed direction, p = poeia 0_~
with po = p.e, +pe, +p.e., and
dP\ _ ¢ 2Z0 14112 . 2 2
<dQ> ok p[ sin* 6. (9.23) -~ H’ (\
Otherwise, the direction of p (hence < j£> ) e

vary with time, but (P)

t

is still given by (9.24).  dipole radiation pattem

o
radiation pattern (cr ection)

28



9.3 Magnetic Dipole and Electric Quadrupole Field
Rewrite (1):

A =y T 21+1 Y;,,(6,9) el+1 [1+a1(zkr)+a2(zkr) T +al(lkr) ] )

Lin | [ &3 I (XYY, (6, 9)
Take the / =1 terms [a; =—1]
AT =2 i) T K, (0,8)[d>XIK) Y (0,6
r m=—1.0.1

. 7

—
p. 109
> Y,,00,0)Y, (6, ¢)— 3 sin@sin e’ 0?)

m=-—1,0,1

+-3 cosOcos & +3 sinGsin @e " ¢?)

A Y4 d /D X
=43[sm6?sm6? cos(¢—¢’)+cos@cos &' | L

3 — 3 /

= ;-COSY=,~,n-X

set /=11n (3.68) 29




9.3 Magnetic Dipole and Electric Quadrupole Fields (continued)

(x'xJ)xn Jm-x)—x'(n-J)
Thus, L(x'xd)xn=-1(J(m x)+x'(n-3))+I(n-x)

A(x) =20 er (L-ik) [@xI(x)(n-X) (9.30)
= Ho (L- zk){jd3 "(n- x)J+(n J)x] jd3 ’l(x ><J)><n}

A4r oy

electric quadrupole radiation  magnetic dlpole radiation

=AY +A",
where Am(X)_ ikty (nxm)elkr( Zkr) [forkd < 1 and any ] (9.33)

x outside the source
with m =7 j (xxJ)d 3x [magnetic dipole moment]. A™ gives the
magnetic dipole contribution through (9.4) and (9.5) (see p.15):

r

H" = {kz(nxm)xn o +[3n(n-m)— ](’E—I{%)eikr} (9.35)

E" =22k (axm) < (1-1) (9.36)

\
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9.3 Magnetic Dipole and Electric Quadrupole Fields (continued)
In the far zone (kr > 1), we have the spherical wave sloution:

> k ( a’P> ~ %o 14 2
Hmzﬁﬁ(nxm)xne;r2><<d£2 ¢ 327Z2k |mT,Xn|
E" = Z,H" xn (P), = é‘)k4 'm [> | = direction of E”

In the near zone (kr < 1), [(i) E” and H” are 90° out of phase

H" :17[[3n(n-m)—m]r13
J
7k —
E" :42[1.(n><m)r12

\§

The electric quadrupole radiation,
discussed in (9.37)-(9.52), 1s more
complicated. Here, we only illustrate its
radiation pattern by the figure to the right.

—> average power = 0.

(i) H" has the same spatial pattern
as that of the static magnetic dipole
in (5.56), but with e " dependence.

(i11) B-field energy > E-field energy.

quadrupole
radiation —
pattern
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Comparison between Static and Time-dependent Cases

relations multipole definition of multipole r-dep endc.ange OfE
between p, expansion moments and B (d : dimension
J,E,and B p of the source)

[+2
spherical q= Ip(x')d3x' EorBecl/r
harmonics 3 Forr ~ d, all multipole

static p(x) & E(x) expansion p= J' Xp(x)d”x fields can be mgmﬁcant.
ase J(x) < B(x) [(3.70)] or 5 3 For r > d, multipole
¢ X) <> blX Taylor series | O;; = I (xjx’; —r"“6;;)p(x')d”x" | fields are dominated by
[(4.10)] of 3 the lowest-order
1 m = %IX'X J(xHd”x nonvanishing term.
x—x
There is no time-dependent (a) near zone /E i>;)tr >>lf2
monopole for an isolated EorBece Ir
source (see p. 410). Approx. the same field
P, Oy and m have the pattern and r-dependence
' o(x) E(x)] | spherical same expressions as those as for thelqonle:spondlggh
: of their static counterparts static multipole, but wit
time- T ted g harmonics it Tparts, —O govend (h
dependent expansion but with the e *“* time ¢ cpendence (hence
J(x) B(x) 9.98)] of d d called quasi-static fields.)
case [5-98)] o ependenee. (b) far zone r > A>d
— EM waves eik\x—x’\ In time-dependent cases, i or
x—x electric multipoles can E,Boce Ir
generate B-fields and (spherlgal EM waves)
magnetic multipoles can All multipole fields o< 1/ 7,
generate E-fields. relative power levels
unchanged with distance.
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Correction to Jackson Eq. 9.8

Lo 3 ,eik|x—x' ,
Am = | & - J(x') 9.3)
x—x|=r-n-x"=r(- X ) n: a unit vector in the direction of x  (9.7)
Lo eikr 3 ) ik , n-x n-x’ 5 ,
lim A(x) =20 d3xe XJ(X)|:1+ cAX 2, 9.8")
kr—oo 4 r r r

o] s . N\
e — (| _jkn - x + (=ikm - x)2 /2 +..) = Z@
n=0 -

ikr 0o . ) IN/ R R
lim A(x)=0° Jd3x' » @J(x’)[nn X A& X)%..}

kr—>eo 4 r =0 n! r r

ikr * ikr A
S AN T e Uy IFEIVATSCN I S AL S N
4 r . dr r r 1

ikr (® ikr
_Ho e d3x’J(X’)+’u_0 ¢
A r A r

(l—ik)Jd3x'J(x')(n-x')+...
r

=0 (9.13) /=1 (9.30) 33



Induced Electric and Magnetic Dipoles

(a)

Figure 9.4 Distortion of (a) the tangential magnetic field and (b) the normal electric
field by a small aperture in a perfectly conducting surface. The effective dipole
moments, as viewed from above and below the surface, are indicated beneath.

Hans Bethe published a paper, titled “Theory of diffraction by
small holes” in Physical Review in 1944,

He won the 1967 Nobel Prize in Physics. 34



9.4 Center-Fed Linear Antenna
A Qualitative Look at the Center - Fed Linear Antenna :

C Traveling wave
Energy | — L EL !_l, e
source Transmission 1
line \
R Center-fed linear antenna

LC oscillator

JF
e N N - +
/// e \\\

" ~TITTS. 0 N Y E\| E| E

\ € B, B) g -
- \\\\ i "-_a » ’z 77
e

near zone far zone

In the near zone, E and B are principally generated by p and J,
respectively ( = largely static field patterns). In the far zone, E and

B are regenerative through jt B and 6‘{,’; E (= EM waves). 35



9.4 Center-fed Linear Antenna (continued)
Detailed Analysis: The center-fed linear antenna is a case of
special interest, because it allows the solution of (9.3) in a closed form
for any value of kd, whereas in Secs. 9.2 and 9.3, we assume kd <I.

1 eik\x—x'\
A =" [d% X)), (9.3)
)y
where J(x) = I sin (% ~ k|2 5(x)5(»)e. 953) hemumption
- kd N\ ik|x—x’
ol car ,sin(* —k|z)e
= A(X)=e,~—— d
( ) z 47T -[—d/Z z ‘X—X,‘
Note: (i) J is symmetric about 621 ‘62"_{
z=0.J(z)=d(-2)—> —-_:—-*.C.Z_ J -c-l—]
(i1) / is the peak current 2 2

only when kd > 7.

Question: The antenna appears to be an open circuit. How can

there be current flowing on it? 36



9.4 Center-fed Linear Antenna (continued) |\1—x=1— % X — é x2
N2 o ’ 0 7”2 %_ 1 ‘'nx’ - 1/2 %
X —x|=(r"=2rr'cos@+r")> =11 - (" —rz)] n
_ _12nx N _12nx] N2
—I"[l 2( 7 r2) 8( 7 r2) + ]X’H X
=r=nX+ L[ - (X ]+ r=lx @
= x—x|=r-n-x" ifr>r ¥’ =[x
Hence, if 7 > d, we can write |x —x’| = r—z’cos 6.
: e (kd 7\ —ikz’ cos@
; 16 4 osin(* —k|Z)e
= A(x) Ze, F0C [0 g (5 : ) (9.54)
A °-d/2 r—z cos@
~r
' kd kd
) cos( cos 6?) —cos()
et 2 2 (9.55)

27ckr sin” @

Note: z'cos 6 in can be neglected if 7 > d. But z'cos 8

1
r—z"cos @
in *(7=7¢%86) makes an important contribution to the phase

angle even at r > d.



9.4 Center-fed Linear Antenna (continued)

(9.16 &9.19)
In the far zone, [E=7 Hxn = LyxA= lknxA:>\H\ ksizeA
0
\ z 2P ¢ Zo 122
<j£> —lRe[r n-ExH ] 20 H 2; k2r? sin” 6|Af (3)
7,02 cos( cos @) — cos(kd) for > d 9.56)
B 87 sin @ > | and any kd n |

_z,1? cos’ (7 cos 6’)/sin2 0, kd=r

(9.57)
87° | 4cos” (% cosd)/ sin’ 6, kd=2r
full-wave antenna
half-wave antenna
z p z dp (superposition of 2 half-wave
/] 10 - dQ | antennas excited in phase

most coherent

<
less coherent
narrower beam width
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9.4 Center-fed Linear Antenna (continued)

Rewrite (9.56)
kd kd ) 2

COS( ’ 0059) cos(z forr>d
sin 9 > | and any kd

2
<dP> _ Zof

} (9.56)

Limiting case (dipole approximation): kd < 1 (i.e., A > d)
COS X = l—x—2 (xx1)

2 42
cos(kzdcosé?)'vl—kgd cos® 6

kd\ _1_ kK*d*
Cos(z)_l g

2
2 42 2 42
1—@005 9—1+k§1

sin @

Zol?
51277
This has the same £ and € depedence as in (9.23, electric dipole),

(kd)* sin” @ [valid for kd < 1] )

which was derived by assuming kd <« 1.



9.4 Center-fed Linear Antenna (continued)
Radiation Resistance and Equivalent Circuit:
J(x)=1Isin(* k| z|) 5(x)§(y)ez/ ~ "2"1(1 —26‘5') S(x)5(v)e.
kd <1 7:)_(Jpeak current, *.* |z| < d)

/ZOI

Thus, from (4), (45) 2(kal) sin” @ = 0’02 (kd)?sin> & (9.28)
= (P), = [(45) dQ= jo d¢j_1dcos9<m>t=§°8ﬁg(kd) (9.29)

R,,,: radiation resistance.
R, ., 1s part of the field definition of
impedance, see 2nd term in (6.137).

where R, = -2 (kd)* = 5(kd)> Ohms [See pp. 412-3.]

—it

rad °

_1
=2R

]Oe

I ol )521 Equivalent
—iot foy—> it circuit for
Voe & Y E> Voe j rad a center-fed
ﬂ, - circuit 5 it antenna 40

dimensions



9.4 Center-fed Linear Antenna (continued)

Problems: 9.16 & 9.17

1. The full-wave antenna radiation in (9.57) can be thought of as the
superposition of two half-wave antennas, one above the other,
excited in phase. Demonstrate this by rederiving dP/dCQ) for the
full-wave antenna [(9.57), kd = 27| by superposing the fields of
two half-wave antennas (each of length d/2, see figure below).

2. If the two half-wave antennas in problem 1 are excited 180" out of
phase, derive dP/dC) again by the method of superposition.

3. Plot the approximate angular distribution of dP/dC2 in problems 1
and 2. Explain the difference qualitatively.

antenna 1 of
length ‘2{ —

antenna 2 of

. d
single antenna  length 5 — 2

of length d

-, These 3 line are nearly
parallel when point P is
far from the antenna, as
1s assumed here.



9.4 Center-fed Linear Antenna (continued)

Solution to problem I. Principle of superposition requires that we
add the fields (not the powers) of the 2 antennas, each of total length ‘21.

z

Rewrite (9.55)
ikr | cos(*d cos@)—cos (4
A(X)=e, Hole (5 ) (%)
2rwhkr sin” @

(9.55) applies to a single antenna of total length d (see fig. above.)

So the field of each of the 2 antennas in this problem can be obtained
from (9.55) by replacing d in (9.55) with ‘21 and expressing » with
respect to the center of each antenna (1.e., by r; and r, ).

s antenna 1 < J|r>""
,uolel 1,2 {cos("fcosé’)—cos(’fq 5) 2 [y
antenna 2 621{,/\%/
d
4

sin” 6
We may approximate 7 , in the denominator of (5) by r, but must

A1,2 =€,

27kr ,

where 77 =r—%cos@ and r, :r+j}:cosl9.

use the correct 7; , for the phase angles in the exponential terms.
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9.4 Center-fed Linear Antenna (continued)

It is assumed that each antenna in this problem is excited in the
half-wave pattern, hence we set k%’ =7 1n (5) and the superposed
field of the 2 antennas (excited in phase) is given by

_iT cos(Zcos @
A=A1+A2:e ,Lloelkr[e lzcos9+elzcosﬁ] ( ) (6)
27 kr sin” 6
e My I Jikr COS (”cosé’) d !),
z kr in2 0 antenna 1 5

d
From (3), <£> = 03 K22 sin” O|Af antenna 2 )

_ Lﬂ 4(z ) same as the full wave
BET (2COS 9)/s1n 0 Lolution in (9.57)

Solution to problem 2:

If the two half-wave antennas in problem 1 are excited 180° out
of phase, we simply replace the "+" sign in (6) with a "—" sign.
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9.4 Center-fed Linear Antenna (continued)

Thus,

T _i%cosO  i%cosf-COS(Z cos )
A:Al A2 e, ,Llo lkr[e 1% cos _elzcos ] .22
2o kr sin” @
"y, /4
. &—e'kr sin(7 cos @) cos(7 cos )
. 2
7 kr sin” 6 antenna 1 4 )
P\ _ Zy 2.2 . 2 2
From (3), <E>z = ﬁk r“sin” 6|A antenna 2 {%
7, sinz(g cos &) 0052(72’ cosb) 7z sin” (mwcosB)
27 sin” @ 87°  sin’ @
Solution to problem 3:

P e

in phase = dipole radiation phase = quadrupole radiation

Question: How does a phased array antenna work?



Homework of Chap. 9 Problems: 2, 3,6

Problem 9.2

A radiating quadrupole consists of a square of side a with charges * ¢ at alternate corners. The square rotates with angular
velocity w about an axis normal to the plane of the square and through its center. Calculate the quadrupole moments,

the radiation fields, the angular distribution of radiation, and the total radiated power, all in the long-wavelength approximation.
What is the frequency of the radiation?

Problem 9.3

Two halves of a spherical metallic shell of radius R and infinite conductivity are separated by a very small insulating gap.
An alternating potential is applied between the two halves of the sphere so that the potentials are =} =cos @r. In the
long-wavelength limit, find the radiation fields, the angular distribution of radiated power, and the total radiated power
from the sphere.

Problem 9.6
(a) Starting from the general expression (9.2) for A and the corresponding expression for @, expand both R = \x —x]and t'=t-R/c
to first order in to obtain the electric dipole potentials for arbitrary time variation where \x\ / r is the dipole moment evaluated at
the retarded time measured from the origin.
q,(x,t)zl{lﬁ.pwlﬁ.%} Afst)= O
Arey | 12 cr ot dre, Ot
where p,,, =p (t' =t—r/ c) is the dipole moment evaluated at the retarded time measured from the origin.

(b) Calculate thedipole electric and magnetic fields directly from these potentials and show that

2 “/n )
3 (h- _
B(Xat)zluo —71 ﬁxapi”e’_iﬁxapiref : E(X,t):i (1+raj n(n pret) Pret + 1 Ax Xm
ar| o ot 2r or? 4re c ot 3 2, )

(c) Show explicitly how you can go back and forth between these results and the harmonic fields of (9.18) by the substitutions

© Pret (1)-

=>

—iw <> 9/t and pel T
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Homework of Chap. 9 Problems: 14, 16, 17

Problem 9.14
An antenna consists of a circular loop of wire of radius a located in the x - y plane with its center at the origin.
The current in the wire is
I=1Iycoswt=Re Ioeia’t
(a) Find the expressions for E, H in the radiation zone without approximations as to the magnitude of ka.
Determine the power radiated per unit solid angle.
(b) What is the lowest non-vanishing multipole moment (¢, ,, or M; ,,,) ? Evaluate this moment in the limit ka <<1.

Problem 9.16

A thin linear antenna of length d is excited in such a way that the sinusoidal current makes a full wavelength
of oscillation as shown in the figure.

(a) Calculate exactly the power radiated per unit solid angle and plot the angular distribution of radiation.

(b) Determine the total power radiated and find a numerical value for the radiation resistance.

See__=~" Problem 9.16

Problem 9.17

Treat the linear antenna of Problem 9.16 by the multipole expansion method.

(a) Calculate the multipole moments (electric dipole, magnetic dipole, and electric quadrupole) exactly and in the long-wavelength approximation.
(b) Compare the shape of the angular distribution of radiated power for the lowest non-vanishing multipole with the exact distribution of
Problem 9.16.

(c) Determine the total power radiated for the lowest multipole and the corresponding radiation resistance using both multipole moments

from part a. Compare with Problem 9.16b. Is there a paradox here?
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Homework of Chap. 9 Problems: 22, 23

Problem 9.22

A spherical hole of radius @ in a conducting medium can serve as an electromagnetic resonant cavity.

(a) Assuming infinite conductivity, determine the transcendental equations for the characteristic frequencies @, of the cavity
for TE and TM modes.

(b) Calculate numerical values for the wavelength 4;,, in units of the radius @ for the four lowest modes for TE and TM waves.
(c) Calculate explicitly the electric and magnetic fields inside the cavity for the lowest TE and lowest TM mode.

Problem 9.23
The spherical resonant cavity of Problem 9.22 has non-permeable walls of large, but finite, conductivity. In the approximation that
the skin depth & is small compared to the cavity radius a, show that the Q of the cavity, defined by equation (8.86), is given by

Q=% for all TE modes
I(1+1
Q=Z{l— ( 2)] for TM modes

Xim

where xlmz =2 @y, for TM modes.
c
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